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Abstract — The optimal solution to the problem of detect-
ing, tracking and identifying multiple targets can be found
through a direct generalisation of the Bayes filter to multi-
object systems using Mahler’s Finite Set Statistics. Due
to the inherent complexity of the multi-object Bayes filter,
Mahler proposed to propagate the first-order multi-object
moment density, known as the Probability Hypothesis Den-
sity (PHD), instead of the multi-object posterior. This was
derived using the concept of the probability generating func-
tional (p.g.fl.) from point process theory. In this paper,
I derive multi-object first-moment smoothers for forward-
backward smoothing through a new formulation of the p.g.fl.
smoother which takes advantage of the p.g.fl. Bayes up-
date. This formulation permits the straightforward deriva-
tion of first-moment multi-object smoothers, including the
PHD smoother.
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1 Introduction

Stochastic filtering, prediction, and smoothing are fun-
damental concepts in the theory of estimation of dynamic
systems. The system is a partially observed physical object
whose behaviour over time is governed by a set of equa-
tions modelling the dynamics and the relationship between
the observations and the object state. Uncertainty in the sys-
tem is due to the noisy nature of the problem, either from un-
known and unpredictable motion of the system, or from in-
accuracy in observing measurements of the system through
a noisy sensor. Filtering, prediction and smoothing are pre-
cise mathematical descriptions of the problem of estimating
the state of the system based on noisy observations of its be-
haviour over time: Prediction is the forecasting of the state
of the system at some future point in time based on measure-
ments up to the current time. Filtering is the estimation at
each point in time of the state of the system based on all of
the measurements up to that point. Smoothing differs from

prediction and filtering in that the estimate of the state of the
system at a specific point in time can be determined from
a batch of measurements, some of which may be collected
later than the time that we are interested in. This means
that there is inevitably a delay in producing the estimate of
the state at that time, though more accurate estimates can be
obtained since more information is available about the sys-
tem. The most commonly used probabilistic smoother for-
mulation is the forward-backward smoother [1]. Forward-
backward smoothing processes the measurements sequen-
tially; first by running a Bayes filter forward in time and
then a filter backward in time to improve the state estimates
with future measurements.

The use of Finite Set Statistics (FISST) for multi-object
smoothing was proposed recently for jointly detecting
whether an object is observed and the object state density
function [2] in cluttered environments and tractable prac-
tical implementations were then derived using sequential
Monte Carlo methodology [3]. The multi-object forward-
backward Probability Hypothesis Density (PHD) smoother
has been investigated recently by two independent groups:
Kiruba ef al. first investigated the PHD smoother and hy-
pothesised a possible form of the solution [4]. A formal
derivation was recently found using FISST by Mahler, Vo
and Vo [5], and an analytic recursion was subsequently
discovered using a Gaussian mixture representation of the
PHD [6]. In this paper, I propose a new formulation of
the p.g.fl. smoother which enables the simple derivation
of multi-object smoothers that exploits the p.g.fl. Bayes
filter. Using this formulation, I show how to derive the
forward-backward multi-object PHD smoother counterpart
to the PHD filter [7].

The paper is structured as follows: In Section 2, I
discuss the background material required for deriving the
smoothers. In Section 3, I describe the multi-object Bayes
filter, its probability generating functional (p.g.fl.) form,
and first-moment approximations. In Section 4, I describe
the multi-object forward-backward smoother and the new
p-g.fl. formulation that exploits a mathematical parallel be-
tween the p.g.fl. Bayes update. Using this new formulation,



I derive the PHD smoother as a specific case. The paper
concludes in Section 5.

2 Background

In this section, I summarise the mathematical material re-
quired to derive the multi-object smoothers.

Spatial point process

A spatial point process is defined as a random finite set of
points,

X:{xl,...,xN} (1)

where the number and their locations are random [8, 9]. A
multi-object probability distribution py defines the distribu-
tion of the points, which is a mixture of joint probability
distributions for any given number of targets. The cardinal-
ity distribution p(n) is a discrete probability distribution in
the number of objects and satisfies

@

Probability Generating Functionals

Point processes can be uniquely characterised in terms of
their probability generating functional (p.g.fl.). This concept
is analogous to the probability generating function (p.g.f.)
from probability theory in that it is can be used for deter-
mining moments of distributions. Mahler proposed the use
of the p.g.fl. as a means of finding the first-order moment
densities in the multi-object Bayes filter [7].

The probability generating functional (p.g.fl.) of a (multi-
object) probability distribution py is defined as the expecta-
tion value of the symmetric function
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using the set integral notation from FISST,

/p(X)SX =p(d)+ i %/p({xh...,xn})dx] codxy,
n=1""
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where p({xi,...,x,}) is defined as the joint distribution
scaled by its cardinality,

p({x1,...,x0 1) i=nl-p(n) - p(xi,...,xn). (6)

The n! factorial term accounts for the fact we need to con-
sider all permutations in the joint distribution. The set

derivative is defined by taking the functional derivatives with
respect to each point x in point process X = {xj...x;}, i.e.
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Moments of multi-object posterior can be obtained by taking
the set-derivative of the p.g.fl. Gath =1, i.e.

D(X) L1 - (8)

- 67X h=1

In particular, the first-order moment of multi-object proba-
bility density p(X), more commonly known as the Probabil-
ity Hypothesis Density in the target tracking literature [7],
can be found by taking the functional derivative of its p.g.fl.
G evaluated at h = 1, i.e.
D(x) = o Gl1 9

(x) = 5G] )
This result was shown by Mahler in [7]. An equivalent result
was shown in the point process literature by Moyal [10], in
the context of stochastics population processes.

Another important result [10, 7] using set derivatives is an
analogy with the fundamental theorem of calculus for multi-
object distributions. We can recover the multi-object distri-
bution from the p.g.fl. by taking the set derivative of the
p-gfl. and then setting 2 = 0, i.e.

)

p(X) = < G[0].

oX (19)

Mabhler refers to this result as the Fundamental Theorem of
Multi-object Calculus [11].

Campbell’s Theorem

In the context of Finite Set Statistics, Campbell’s Theo-
rem states that for any non-negative measurable function f,
the following holds

/ (Z f(x)> p(X)8X = / F()-D)dx, (1)

xeX

where p(X) is some multi-object distribution and D(x) is its
first-moment density. For a proof see, for example, Stoyan
et al. [12], page 100. This result was first applied for FISST
smoothing by Mabhler, Vo and Vo [5] for deriving the PHD
smoother.

Poisson point processes

Suppose that the cardinality distribution p(n) is given by

exp (—A) - A"
p(m) = XM (12)
n!
and the multi-object distribution is
p(Y) = e M. H s(yi). (13)
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The p.g.fl. of a Poisson point process is given by

1= (i st

The intensity function, or PHD, of a Poisson point process is
found by taking the functional derivative of (14), evaluated
ath=1,1.e.

(14)
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where u gives the expected number of objects that are dis-
tributed according to s(x).

In the following section, I summarise the FISST approach
to multi-object Bayes filtering [11] and the PHD [7] approx-
imations.

3 Multi-Object Bayes Filter

The objective of multi-object Bayesian multi-object fil-
tering [11] is to determine at each time-step k the posterior
probability density, py(Xk|Z1:), of multi-object state pX;,
where Zyx = (Z1,...,Z;) denotes the accumulated observa-
tions up to time-step k. The multi-object posterior can be
computed sequentially via the prediction and update steps.
Suppose that py(Xk|Zi«) is known and that a new set of
measurements Z,; corresponding to time-step k4 1 has
been received. Then the predicted and updated multi-object
posterior densities are calculated with the following recur-
sion [11]

P (X|Z1x) = /fk+1\k(X|X/)'Pklk(X/|lek)8X
(16)

8k+1(Ze11X) - Pk (X |Z1k)

S 81 (Zis 1 1X) - Pk (X[ Z1:2)8X
(17)

Prstfirt (X|Ziagr) =

where fi,1x(X|X’) is a multi-object transition density and
8k+1(Zx+1|1X) is a multi-object likelihood. The prediction
corresponds to the Chapman-Kolmogorov equation and the
update corresponds to Bayes rule. This recursion is a non-
trivial generalisation, since the transition density needs to
consider the uncertainty in target number, which can change
over time due to targets entering and leaving the state space,
and the multi-object likelihood needs to consider detection
uncertainty and false alarms. It is also clear that the integrals
in the recursion are non-standard and need the notion of a set
integral [11].

The Bayesian multi-object filter described here in its most
general form cannot be implemented in a computationally
tractable manner. Among the approximations that were re-
cently proposed of particular importance are the PHD filter
and the CPHD filter [7, 14]. Instead of propagating the
full multi-target density pyj(Xx|Zi.4), the PHD filter prop-
agates its first order moment Dy (x) called the Probability

Hypothesis Density (PHD) or intensity function. The Cardi-
nalized Probability Hypothesis Density (CPHD) filter prop-
agates not only the PHD but also the cardinality distribution.
The first implementations of the PHD filters used sequential
Monte Carlo approximations [15, 16] and closed-form solu-
tions were later discovered using Gaussian mixture approx-
imations [17, 18].

3.1 Multi-object Prediction

In order to determine moment densities, Mahler [7] con-
sidered the p.g.fl. multi-object prediction,

/h P (X[ Z1:x)0X (18)

= [ [P fep ) pi (12108 X
(19)

Gyl

= [ GrolbX) pipX 123X, 20)
where Gy, [h|X'] is the p.g.fl. Markov transition (see
equation (13.52) in [11]),

/h e (X [X)8X
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PHD Prediction

I now consider the model for the PHD filter [7, 11] with-
out target spawning. The predicted state set X at time-step
k41 consists of the set of objects surviving from time-step
k, Sk+1\k(X "), and objects appearing spontaneously at time-
step k, Ty, 1.e.

(22)

(U Sk 1) (x; ) ULk

Taking the first-order moment of the multi-object predic-
tion in equation (16), the predicted PHD becomes [7]

Stk (xXx') - D () dx
(23)

Dy g (%) = Yie1 (x +/ps

where fi,1x(x[x') is the single-object Markov transition,
Yi+1(x) is the intensity of spontaneous births, and Dy (x')
is the posterior intensity at time-step k.

3.2 Multi-object Bayes Update

In a similar manner to the multi-object prediction,
Mahler’s calculation of the PHD update [7] requires the
p-g.fl. Bayes update,

(24)

Grs1fer1[h] :/hX'Pk+1|k+1(X|lek+1)6X

E g1 (Zia X)) - prop (X[ Z14)8X

J 8k 1(Zis 1 1X') - prg e (X' Z1:2) OX
(25)




The numerator and denominator of the p.g.fl. Bayes up-
date are found with set derivatives of the following joint

p.gfl.
Flg,h] iz/hX'Gk+1[g|X] P (X |Z1x)dX,  (26)

where the p.g.fl. multi-object likelihood is defined with

GeerlglX] i= [ &g (Z1X)32 @
The p.g.fl. Bayes update is found with
Grripri ] = F— . (28)
SF[0,1]

where the set-derivative is taken with respect to g at the el-
ements in observation set Z. Mabhler then assumes that the
predicted multi-object distribution, py 1x(X|Z;:), is either
a Poisson distribution, for the PHD update, or an i.i.d cluster
distribution, for the CPHD update, to determine an updated
intensity in terms of the predicted density

Taking the functional derivative of the p.g.fl. Bayes up-
date with respect to x at # = 1 and g = O then leads to an
update formula for the PHD in terms of the PHD prediction,
(29)

Dy i1 (x) = Lz, (%) - Dy 1 (%),

where Dy (x) is the predicted first-moment density and
Lz, (x) is a PHD pseudo-likelihood.

PHD Update

For a given multi-target state X = {x1,...,x, }, the random
measurement set collected by the sensor is of the form

Z= (LnJ Z(xi)) ue
=1

where X(x;) is the Random Finite Set (RFS) generated by
the single target state x;, which either contains a single mea-
surement z; or is empty and takes on the value 0, and @
contains false alarms with expected number A. Let A be the
Poisson distributed false alarms, each identically spatially
distributed according to c.

When the predicted multi-object distribution and clut-
ter distribution are assumed to be Poisson, the pseudo-
likelihood in the PHD filter update [7] equation (29) is

(30)

Ly, (x) = 31)

L.(x)
N+Y Ae(z +Dk+1|k[PD L]’

where Dk+1|k(x) is the predicted intensity to time-step k,
pp(x) is the probability of detection, and L, (x) is the single-
object likelihood. and

4 Multi-object Forward-Backward

Smoother

In an analogous fashion to the multi-object Bayes filter,
we can generalise the forward-backward smoother to multi-
object distributions [2]. This leads to the following form of
multi-object forward-backward smoother,

/fkurl\k/ (Y1X) - prywe (X)

(32)
Pk’+1|k/ Y)

Pr(X Pr1k(Y)0Y,

where X consists of a random finite set of target state vectors
at time-step k, and k' < k. The p.g.fl. forward-backward
smoother is then given by

/h Pr(X

:/<fh 'fk'+1|k'(Y\X)~pqur(X)6X

prs1e(Y)

Gielh] (33)

)Pk’+1k(y)5Y

We can expand the denominator, py i (Y), inside the
brackets above with the Bayes filter prediction, so that

B THE foaw (Y1X) - e (X)8X
el = | < (V) e (V)V

)Pk’+1k(Y)5Y~
(34)

Notice that the term inside the brackets is analogous to the
p.g-fl. Bayes update except that the posterior py i/ (Y) is up-
dated with the Markov transition fp v (Y|X). I shall ex-
ploit this mathematical parallel to find the smoothed first-
moment density. Hence the forward-backward smoothed
PHD becomes

Dy (x) /Dk'+1|k/(x|y) Pr1(Y)8Y, (35)
where the PHD Dy (x[Y) is found by taking the first-
moment of the term inside the brackets of equation (34), i.e.

THE fosiw (YIX) - e (X)8X
S fesiw (YV) - proe (V)SV

)
Dy (x[Y) = Sx{
h=1
(36)

The PHD in equation (36) takes the same form as the
PHD update equation except that here we replace the
measurement-updated likelihood with a Markov transition
likelihood. This leads to a PHD update formula of the form

Dy (x[Y) = M(x[Y) - Dy (x),

where M(x|Y) is a PHD pseudo-likelihood Markov transi-
tion analogous to the PHD pseudo-likelihood for the PHD
update. By substituting into equation (35), the smoothed
PHD then becomes

(37)

Dip(x) = Do (x)- [ MY purcyj(V)3Y. 38)



Forward-Backward PHD Smoother

If we assume that the filtered multi-object density is a
Poisson or an i.i.d. cluster process, we can use pseudo-
likelihoods Markov transitions analogous to the PHD and
CPHD pseudo-likelihoods in equations 16.109 and 16.328
in [11] to find the PHD and CPHD forward-backward
smoothers. The PHD smoother has been derived using Fi-
nite Set Statistics by Mahler, Vo and Vo [5] and it was also
been proposed by Kiruba et al. [4]. 1 propose a simpler ap-
proach by using the direct analogy with the PHD pseudo-
likelihood: replace the likelihood L, with Markov transi-
tion My (x) := fir41 (¥]x), probability of detection pp with
probability of survival pg, and clutter PHD x with birth PHD
Yi - Hence the pseudo-likelihood Markov transition becomes
(compare with equation (31))

N+Y

yeyYy ’Yk,

)My (x)

M(x|Y
(fr) = +Dk'\k’[l’s M|’

(1—ps(x (39)

so that the forward-backward PHD smoother then becomes
Dy (x) = Dy (x)
My(x)
/( ps(x }g Yl +Dk’\k’[pS M,)] Pk+1|k( )
= ((1 —ps(x)) + Dy 1k )Dk’k’(x)'

where the last line follows from Campbell’s Theorem (the
same argument is used in [5]).

(40)

PS(X)M,V(X)
Yi + Dy [ps - My]

The discovery of the mathematical parallel between the
p.g.fl. Bayes update and the term inside the brackets in equa-
tion (34) enables us to exploit many of the existing results
for multi-object Bayes filtering [11, 7, 14, 19]. However,
when Campbell’s Theorem can not be applied, such as in the
CPHD filter pseudo-likelihood (Equation 16.328 in [11]),
we still have a set integral which may not be tractable.

S Summary

I derive Bayesian multi-object forward-backward
smoothers via first-order multi-object densities using a new
form of smoothing probability generating functional that
exploits the Bayes update probability generating functional.
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